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Expansions of cos™0, sin" 0

To remember.....

b= 1 513
Letx =cos0 + i sind, ;:cosﬂ—lsmﬂ

1
x+—-=2cosf, x—-=2isin6
X X

1 ¥E
T cosnf -isinnb

x" =cosnf +isinnb,

x"+—=2cosnb & x" ——=2isinnf
X Vi



Write the expansion of cos® @ in series of cosines of multiples ofg

Solution:

= c0os0 —isinf

Letx =cos@ + i sind,

1 1
x+—-=2c0sf, x——=2isinf
X X

AL 1 snal
x* = cosnf +isinno, == cosnf -isinn

x"+ﬁ:2cosn0 & x"—E:ZisinnH

Consider (2cos 6)° = ( +3)EE
onsiaer COoS =\ X Z
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= x4+ 6cyx ;—1—6(:3.:':: F+6E3x I—3+6c4x 1—4-1—
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= x°+ 6x* + 15x* + 20 + 15%.+6,i+i
x? Xt X

= (x®+3)+6(x*+)+15(x%+3) +20

= 2cos68 -+ 6(2cos40) + 15(2c0s268) +20

2 2005°0 = 2(cos68 + 60548 + 15¢026 + 10)

. cos9 = ;—2 (cos68 + 6cos48 + 15co0s28 + 10)



o  Write the expansion of sin’ 0 in a series of sines of multiples of 8

Solution:

Letx = cos@ + i sin0, = c0s0 — i sinf

1 1
X+—=2cos0, x-——=2isinb
X X

.~ 1 i
x" = cosnf +isinnd, Es cosnf-isinnb

x"+ﬁ=2cosn0 & x"—ﬁ=2isinn9
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Consider (2isinf)’ = (x ~ 1)
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=x7 —7x° +21x® —35x +35- — 215+ 7= ——

= (0-2)=7 (#-3) 421 (25 -35(r-

= 2i sin78 —7(2i sin50) +21(2isin38) — 35(2i sind)

(i.e) (2i)"sin’@ = 2i( sin70 — 7sin56 + 21sin30 — 35sind)

P = —;—4( sin76 — 7sin58 + 21sin36 — 35sinf)
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e Write the expansion of sin* 8cos® 0 in a series of cosines of

multiples of

Solution:

Letx = cos0 +isin0, i = c0s0 — i sin6

1 1
xX+—=2cos0, X——=2isinf
X X

1 L
= cosnf -isinnf

x" = cosnO + i sin no, =

1
x"+;=2cosn9 & x"—ﬁ:ZisinnH

Consider, (2isinf)*(2cos0)® = (;r: — 3)4 - (1‘ * E)E
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= (=2 (+3) (e +3)



= (x2=3) (x+3)
= (;I:‘:E + 4oy (x2)> (—Iiz) + 4c5(x?)? (— Iiz)z ~+

tcsx? (=2 + 4c, (- Iij) (x+2)

= | S Snq =ty 1
Z(x — et A T ——— —+ ).(x—!——)
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= (x®—ax*+6—4=+=x). (x+3)
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g 1 - - & = 1 3 1 1
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5 i 5 1 = 1 3 1 1
:(x +—9)—!—(x —i——?)—-tlr(:r —1——5)—-’-1-(x —]——3)—!— 5(I—i——)
x >3 X x X

= 2¢0590 + 2c0s760 — 4(cos50) — 4(2co0s30) + 6(2cosh)

(i.e) (2i)*sin*6.2%cos>6

= E(i:ﬂs@ﬂ + cos78 — 4(cos50) — 4(cos38) + 6(::055))

' 8in*0 cos®6= ;—E(CDSQH + cos70 — 4(cos58) — 4(cos38) + 6(.’:058))



Prove that sin®0 cos?6 = 2—16 |sin 70 — 3sin 50 + sin 30 + 5sinf|

Solution:

Letx = cos@O +isinf, i = c0s0 — i sin0

1 1
X+—=2cos0, X ——=2isin0
X X

=+ 1 £ 5
x" = cos nO + i sin no, = cosnél -i sinnb

x"+F:2cosn9& x"—F:ZisinnB

1\° 1\°
Consider (2isin0)>(2cos0)?* = (x > ;> .(x =k _)
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— x_l xZ_l = 3 1 1 4 1
% o = x—3x+3;—F. x—2+F

3 o L 1 - 1 1 1 i |
=x'—2x"+—-—3x>+6x—-35+3x" —-6-+3-—x+2—5——
X X X X ¢ et
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T 1 = 1 . 1 1
ik Ra By —3x—; oo Y RERE + 5 Fir
= 2isin 70 — 3(2isin 50) + 2isin 30+5(2i sin0H)

(i.e) (20)°sin°6 2°cos*@ = 2i(sin 760 — 3sin 50 + sin 30 + 5sind)

1
~ Sin°0 cos?*0 = 6 [sin 70 — 3sin 50 + sin 30 + 5siné]



Check your understanding!

Prove that sin°0 = 1—16 (sin50 — 5sin360 + 10sin0)

Write the expansion of cos? 0 sin3 0 in a series of sines of multiples of

e Write the expansion of sin* @cos® 0 in a series of cosines of multiples of 6

Prove that

1
cos’0 = 256 (cos90 +9cos70 + 36 cos 50 + 84 cos30 + 126 cos0)



